PhysicsAndMathsTutor.com

AQAZ MoDEL ANSWE RS

/

Please write clearly in block capitals.

Centre number Candidate number

Surname

Forename(s)

Candidate signature

A-level
FURTHER MATHEMATICS

Paper 1
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Materials For Examiner’s Use
e You must have the AQA formulae and statistical tables booklet for A-level

Mathematics and A-level Further Mathematics. Question Mark
e You should have a scientific calculator that meets the requirements of the
specification. (You may use a graphical calculator.)

Instructions
e Use black ink or black ball-point pen. Pencil should only be used for drawing.
o Fill in the boxes at the top of this page.
e Answer all questions.
e You must answer each question in the space provided for that question.
If you require extra space for your answer(s), use the lined pages at the end

of this book. Write the question number against your answer(s).

e Do not write outside the box around each page.
e Show all necessary working; otherwise marks for method may be lost.

e Do all rough work in this book. Cross through any work you do not want to
be marked.

Information

e The marks for questions are shown in brackets.
e The maximum mark for this paper is 100.
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Answer all questions in the spaces provided.

Which one of these functions has the set {x: |x| < 1} as its greatest possible
domain?

= Values for X

Circle your answer.

- ' [1 mark]

coshx cosh~1x tanh x

The first two non-zero terms of the Maclaurin series expansion of f(x) are

1 3 T ——
xand ——x
2 !
| | s £10)+£'(0)x +...
Which one of the following could be f(x)?
Circle your answer. ~0tcosO-x+... ’ q
x mar

1.2 1
xe2" %sin2x (1+4x3) 2

The function f(x) = x2 — 1

Find the mean value of f(x) from x=-05 to x =17
Give your answer to three significant figures.

Circle your answer.

—0.521 —0.434 0.786

j;x‘—l)dx= [éf—)f_]_'? =-0-520b%

-0-5 0-5

[1 mark]

-0:5206%
22

=-023% (3¢
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Solve the equation 2z — 51z* = 12

[4 marks]

write 2=X+iy = 2"= Y-iy
S0 2(X+iy)-Si(X-iy)=12

eauate the real & imaginary parts:

Re: 2x-5y=12

Im: 24 -5y = 05

u:
J

—
2

Sub in: 2x-5(%x1 =

-—
—-—

Ty-25x=]2

2

Zt
2

Qop
(=

<0 X=

~\-\\'c",

;L
2=-%_

Turn over for the next
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2 1
A line has equation r = [O] + u [O]

1 b
5 A plane has equation r. [1 ] =7

1 1
Calculate the acute angle between the line and the plane.

Give your answer to the nearest 0.1°
[3 marks]

take scalar product ¢f diteckional vectors:

I ]
? | 'l =2 {ind length of Vectors: Sr__‘_:l‘
1+ 1" =

. coso= 22 - 2

Alby b

butol i< the angle between the normal £ e line, not
the plane & the line, o we need G-=90-a = 53

]u
"’m

0 4
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Turn over for the next question
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Turn over p
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6 (a) Show that box

. 1 3
COShsx + Slnh3x _ Zemx +Zenx

where m and n are integers.
[3 marks]

cosh.x-—{e re ). smhx=-(e. )
h.)(." eXr )] ""(e +3e +3e™> +23x)

/—:’7| X =X\)5- 1L 3x X 3
( Sinhl'—l;a_(e -e )] = g(e"- 3¢ +3e™- &

X €u+ éu+2 SO Smhx‘l'COSl'\g.Y- = ’g Cu+ €3x+
e¥|e” +éx +2¢° 3¢¥-3€ +3¢%+ 3™ +%ﬂ )
eXlret e v 26> =Le3"+§—e‘

“M=3, N=-1 RED.
6 (b) Hence find cosh® x — sinh®x in the form
acosh (kx) + b

8

where a, b and k are integers.
[5 marks]

cosh®y. - sinkx. = (coshX + sinh X ) (cosh™x-Sink > )
L Mfe_re nce of two squares

-3

coshoX -sinh X = 3 ——e, +ie

. N - _
.. COSWXL - Sinh®L -_-(:.; y 2o (:3_&;*'16 x
\ . (N g L g
:Té’_e'ht +.ﬂ_+ .| + _ZL -4X
b o161

06
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= 2coshlrx +5

a=3 k=4, b=5 6

Turn over for the next question

Turn over p
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7 Three non-singular square matrices, A, B and R are such that X

AR =B
The matrix R represents a rotation about the z-axis through an angle 6 and
—cosf sinf 0
B=| sin0 cosf O
0 0 1

7 (a) Show that A is independent of the value of 6.

rotation O about & : R =[cos® -sing O_1

sin& cosG 0 as needed
for & rotation

[3 marks]

+R= CosO s&H—&m =Sin 1 cos™ 12
»pl= ';EX_I 0] ry\-q . =(cos® sind 0]
sub. mgfrﬂ..o 0 | LLo é I ~Sing cosd 0
[cose-smo O 0 \
Sind—¢cosb

= rotation (-0) about 2

rearrange AR=(" f= R i}
=[~cost sind O]fcos® sind O
sind cos® O||-sind cogh 0
O 0 I 0 O |

-c0$™0-Sin*0 -cosBsinB+cpebsin®d O
SinbcosB-sinbcos®  sinB+cs’® D

_ Q 0 l
=-1 0 0

O [ O |

O O | A independent of ¢

0 8
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7 (b) Give a full description of the single transformation represented by the matrix A. ok

[1 mark]
reflection in X=0 plane

Turn over for the next question

Turn over p
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8 (a) If z=cosf +1isinf, use de Moivre’'s theorem to prove that

z" — 1 = 2isinn0
Zn
[3 marks]

de Moivres gives: 2" = (cosb+ising)"
i '-cosn0+|smn9
Azp=2"
= CoS (-nB)+isin(-nB)
¢ L8)=C0sH_<int-8)=-sind = COS G —iSinhG

- | .. ..
=> 2= =¢h ISINAG=(C =1Sin

8 (b) Express sin® § in terms of sin 56, sin 36 and sin §

exmnd ugi V\q binomial +haorem
(1- =535+ 02- (02522 2"

use result i () with n=| (2--) '(2|sm0)
s0 32isin*0=(z5-2%)-5(¥-% )+|0(2—1")

“ group into pairs ot gorm (2"- a." )
= 22siN°6=2isin50-5(2isin30)+0(2isin0)
by _de MoiVre's

= Sin>0 = -sin56-2 sin3¢+= sinG
o lo [

[4 marks]

10 Jun19/7367/1
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8 (c) Hence show that oufséccl)i the
5 53
1|'/3 ), sin® 0 dozm
S . S - | w3 [3 marks]
Sin 6d6 = (SinS0-5sin39 +10sin6)dd
| /2

= 1§ [5 cos50+ = cos36--10casB]

Turn over for the next question

Turn over p

11
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Solve the equation 23 =Vv2-6i, giving your answers in the form reie where r >0

and 0 <0 < 2n
[5 marks]

wiite. in Eulerian rm: 2= 2+ b _exp (tan™(*&))
Z, - Zr —1“/3 2

(fe®) =2Ge™ »r-a, 30- ~E+2kT

k=0, B=""/a —> not in fange
k=1 O = 5%/
R:ZI O" “T(/q
=3, O=17T/q
51 I[KL 3T

so 2=[2e7 [2e 1, [2e

5 1
The transformation represented by the matrix M = [1 3] acts on the points on an

Argand Diagram which represent the roots of the equation in part (a).

Find the exact area of the shape formed by joining the transformed points.
[4 marks]

7

=

=

=

S

a>]
10
=

)
=

N

E
oy
K~ \\
—°l
J
.&;—'c-
bo'; »
A

12
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scale factor=detM = (5x3)—(Ixl) =4

transformed area= [y 2= 23 - ?_lr
2

Turn over for the next question

Turn over p

13
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10 The points A(5, —4, 6) and B(6, —6, 8) lie on the line L. The point Cis (15, —5, 9). box
10 (a) D is the point on L that is closest to C.

Find the coordinates of D.

[6 marks]
let L be Yepresented by Vector I
divectionof ¥=/6 \ [5 =/
(b | —-4] [-2
\\‘6! Uo’/ \1
/5 l
L =442
\o/ \2|
S-IS+M
any line between L A C: Y-C =V-= -tr+5—2u
. _ b-9+2
V:{-I(H-P\ » !
| -2p
32,

B0 shortest distance, V. needs tb be b 4o L=
R‘W"Qd Pl AR\ L | O'I’V

{-7_\ \-'Z.V\ "(Oﬂk-lﬂl-p-bﬂ-p:() e QF?_

\2./ 320

S 1\ [
D= -4+ 2[-2 ~-g

b 21 \lo

d

1 4
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10 (b) Hence find, in exact form, the shortest distance from C to L.

—

co=[?|-(I15\=/-3 |
-¢| \-5](-3
10 \a) \ 1]

\

[2 marks]

P —

cpl=kK*+z2*+1°

—

=J2l exact form
I~

Turn over for the next question

Turn over p
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11

Find the general solution of the differential equation

this Cin gm’de dy B x
Your Solution Tax o YT V4 — 2x — x2
where 0 <x <5 =1

divide by X 1o Iso(m‘e y A4y

i A X G gue
this is in +he Form@w(x) Y= a(x) So We Can use gn

3

xz [7 marks]

|n+egmimq factor g)gp( gf £(e)dy)
gso_fd?ﬁ _ -zmx -y

x e )t gyt ‘
dx Y \k-2x-x

dy T ] e

as form Similar -d%"‘=arc.5in3;-1+c
=> complete the square b -2x-x*=le- (X+1]* +)
=5- (4}’
- ‘-‘(.)ul e
% \L_/y!, 1\ j SQ s \
EVINY T A\ R ksﬂ"\‘&){\b‘\
o™
—1y Xty

16
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~y=XALsin R e
J S Oy

—

N~

Sin"'U has domain OC U | = 0 X+ 1 ¢ |

s

. -

Turn over for the next question

17
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Do not write
tside th
12 Three planes have equations o
4x —5y+ z=8
3x+2y—kz=6
(k—2x+ky—8z=86
where k is a real constant.
The planes do not meet at a unique point.
12 (a) Find the possible values of k.

[3 marks]

don't meet (@ WNGUL point =» determinant =0

os makix /4 -5 1\ = detM =9 -Tk-180
[3 2 -k :0
\(k-l) k "3} dividing botn sudes by 4.
\\__—\ _J Lakl—h‘zo =0

W = k=L5Corp=-4

An
(Vi

Added notes:
det M= U (-16+vk2) + 5(-24 rit-2e) 4 1 (3t-2+4)
= -GH + 4Kk? - 120+ 5K2— 10kt T i
= Qk2_gK - 180
=0

18
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12 (b) For each value of & found in part (a), identify the configuration of the given planes. box

Fully justify your answer, stating in each case whether or not the equations of the
planes form a consistent system.
[5 marks]

-~

‘k=5 System of equations :

|
5
-4

G -
2
3

(nNm
15""5-'m

33..4\-2.5-52"-'-6_
2 +5y-%2=b
-2yt32 =0 = Y=Z
Sub in > 2X SUI Lb=X= \HZ
OL®%y-ty=8 = X- u+2_ 3@“5'5+Q“+
k=5 consistent, line of m‘re.rsedwnIShea‘r‘

-

= 2x+2y+he - bA
-bY - ll-g €6z2= bj

iInconsistent

l
"
-5

-(-—N(n

4 -
3
| ~b

—

R=-4: inconsiste ralle] distinct planes with 2™

Crosging both

(e-G‘d\‘

Turn over for the next question

Turn over p
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13 The equation z3 + kz + 9 = 0 has roots «, f§ and 7. box

13 (a) (i) Show that

o2 4 f2 442 = |2

know o(+p+3= -k X B+ pY+¥or=0

S0 Cal find o>+ @4+ 5™ fam (atp+¥)”
kmwh hnour\

(o<+ @+ Y) = ot 8 4y +Z(el|?>+ b+ Jx)

[3 marks]

LS k)%= ot b + 5"+ 2(0)

Lkt (Pt ‘f,."l— ¥* (as Equl'ltccl)

13 (a) (i) Show that

a2p? + B2 +92a? = 18k
[4 marks]

imilarl n AT W Y e fa
+ ¥ X+ 2o )
+20° L’alf*r?_ok(?féz
= o g+ @Y Yo
208X (0 +h+¥)

xpY¥ = -1
o+ r¥=-R
o(e,+@,2f+60k 0
0= o*@H 4 BY P £ 1SR

= o+ P g0 Bk (s required)

20
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13 (b) The equation 9z° —40z2 +7z+s5 =0 has roots aff +7, f7+ o and ya+f. box
13 (b) (i) Show that
divide equation ,__s
by 9 W0 ? [1 mark]
sum of roets =* 7 > o+ S0+ fixt b= 40
9

ot ot 8= -R & olf +g¥+x =0 from (@)

C-k=%0

9

= "%72- (as required)

Question 13 continues on the next page

Turn over p

2 1
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13 (b) (ii) Without calculating the values of «, § and 7, find the value of s. box

Show working to justify your answer.
[6 marks]

roduct of roots = =2 = (ot ¥ )(BS +ok ) ( Yokt B)
= o8 ¥+’ B+ LBY
ok 8‘+o<£'>2f"‘+(’> 5+
¥ o +o<66
= (xRY¥)" +o<€>6'+o( B+
é‘gﬂ ¥ ' +o<e>?f(u L
*)
= (-1)>-9- 18k -Tk*
=-232

®,)
{

=> S=232

2 2
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Turn over for the next question

DO NOT WRITE /ON THIS PAGE
ANSWER IN THE /SPACES PROVIDED

Turn over p
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In this question use g = 10ms 2

A light spring is attached to the base of a long tube and has a mass m attached to the
other end, as shown in the diagram.

The tube is filled with oil.

When the compression of the spring is ¢ metres, the thrust in the spring is
9me newtons.

The mass is held at rest in a position where the compression of the spring

is 20 metres
9 .

The mass is then released from rest. During the subsequent motion the oil causes a
resistive force of 6mv newtons to act on the mass, where vms~" is the speed of the
mass.

At time ¢ seconds after the mass is released, the displacement of the mass above its
starting position is x metres.

Find x in terms of ¢.
[10 marks]

His Set wp praduces simple harmonic Msfion
StarF — tiMe t
M Ml _s

<5 X

r_ N
L4

sto\rﬂng Compression &= %
then £ (X)=20- X

q

2 4
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equation of motion: F=ma
L= AME - W-bmx.= MY
A (%=X ) =mg - bmx = MX

=Y +bx +9x =0

S A+bX+9=0  oux liary,_equation

(A+3)=0 A= =3 (repeated coot)

rcpeod- root

= (Pc’c+€)€_ * Complementary function

ek X=8 : X=0,X'=0
sub in: 2¥=10.- ‘6='% Particular m{regml

general Soluion : X= he 3+ %

initial conditions: X =0 @ t=0 = A= -%‘Q

= -3A¢™ +Be*- 28t

x o@t 0= 0=-3A+8= 3('°l+8=> B--5°
' _x_—- |0e3t |0t'3t,|_|0 q
'1

14 (b) State, giving a reason, the type of damping which occurs.

[1 mark]

the awuxiliary eguation has equal roots, So we
conclude. the system umolemoes Cnhcal

domping
M

Turn over p
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15 The diagram shows part of a spiral curve. box

The point P has polar coordinates (r, /) where 0 <0 <

N A

The points T and S lie on the initial line and O is the pole.
TPQ is the tangent to the curve at P.

Q

0
o Initial line TN S

15 (a) Show that the gradient of TPQ is equal to

g;sine +rcosl

ggcos 6 —rsinf
[4 marks]

polar — Cartesjian: X=rcos8 & y=ysinG
e~ May be a funckion of 6
@Y - A gip 0+ 05O
d¢ ab

dx =dr cos0 -Isin
db- a6

aradient = 013 = "ﬂ‘{% sin® + reos®
v ax

?'%cos&—rsin@ pired)

av

2 6
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15 (b) The curve has polar equation box

p — elcoth)o

where b is a constant such that 0 < 5 < g

Use the result of part (a) to show that the angle between the line OP and the tangent
TPQ does not depend on 6.

cotb) O th)6 L7 marks]
(= é ) Sb (;.—"B=(C0+b)§° |

(
Sub in_answer for (@) ‘*_.‘i. =‘C°+blwocg—w
WX (cotb) & mcosﬂ-/e)’””smg

= cotbsing +cos®
cotbcos@® - sin@

rncla

= Sng Sind + o0

80 56 -sinb
Sinb

oL X sinb = cosbsing +sinbcpsd
84l sinb_ cpsbcosl-sinbsin &
P \> < bw compound = SiN(&-+b) = tan(G-+b)
e s

s anale formulne  CoS(B-+ b)

J t

S

@radu'en+=+an(6+b_) .. A 8STP=0+b

.. loy_exderior anale. of 4rianale £ OPT =b
0 the e een OP & TPQis inde &

END OF QUESTIONS

2 7
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number Write the question numbers in the left-hand margin.
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Question
number

Additional page, if required.
Write the question numbers in the left-hand margin.
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